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Abstract
We discuss several reasonable bivariant theories of constructible functions and discuss the
existence or non-existence of Grothendieck transformations to bivariant homology theories,
motivated by the operational bivariant theory introduced by Fulton and MacPherson. By analyzing
these bivariant theories, we give a theorem concerning a certain Grothendieck transformation to the
operational bivariant theory.  2002 Elsevier Science B.V. All rights reserved.
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1. Introduction
In [5] Fulton and MacPherson introduced the bivariant theory, which is a simultaneous
generalization of a pair of covariant and contravariant functors. Most pairs of covariant and
contravariant theories, e.g., such as homology theory, K-theory, etc., extend to bivariant
theories. They also introduced the operational bivariant theory, which can be always
constructed from any covariant functor.
Suppose that the category C has a final object pt and that we have a covariant theory
T∗ such that T∗(pt) has a distinguished element 1, and let Top be the operational bivariant
theory constructed from the covariant functor T∗. Then the “evaluation” map c→ cpt (1)
defines the homomorphism ev :Top(X → pt) → T∗(X). In [5, §8.2, pp. 90–91] they
state that the operational bivariant theory Top is the coarsest bivariant theory one can
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associate to T∗ in the following sense: if B is any bivariant theory on C and there are
homomorphisms φ(X) :B∗(X)= B(X→ pt) to T∗(X), covariant for confined morphisms,
and taking 1 ∈ B∗(pt) = B∗(pt) to 1 ∈ T∗(pt), then there is a unique Grothendieck
transformation B→ Top of the bivariant theories such that the associated map B∗(X)→
T
op(X→ pt) followed by the evaluation map ev :Top(X→ pt)→ T∗(X) is the given map
φ(X) :B∗(X) → T∗(X). In fact, we will see that in general there does not exist such a
Grothendieck transformation B→ Top, because the given bivariant group B(X→ Y ) can
be in general too big to guarantee the existence of such a Grothendieck transformationB→
T
op
. A typical example for this is the case whenB is the bivariant theory sF of constructible
functions such that sF(X f−→Y ) := F(X) is the abelian group of all the constructible
functions on X for any morphism f :X → Y, T∗ is the usual homology theory and
the homomorphism φ(X) :B∗(X) → T∗(X) is the Chern–Schwartz–MacPherson class
c∗ :F(X)→ H∗(X) ([9] and also see [2,7,11,12]). So, a reasonable problem, motivated
by the above statement due to Fulton and MacPherson, is how to modify or correct it, or
whether or not one can define a bivariant subgroup B˜ ⊂ B such that there exists such a
Grothendieck transformation B˜→ Top in the above setting. Our theorem is
Theorem A. Let the situation be as above and furthermore we assume that the cross
product operation × is defined on both covariant theories B∗ and T∗ such that the
homomorphism φ :B∗ → T∗ preserves the cross product operation. Then there is a
bivariant subgroup B˜⊂ B and there is a Grothendieck transformation B˜→ Top such that
the associated map B∗(X)→ Top(X→ pt) followed by the evaluation map ev :Top(X→
pt)→ T∗(X) is the given map φ(X) :B∗(X)→ T∗(X).
This theorem is motivated by the following theorem:
Theorem B. Let Hop be the operational bivariant homology theory. Then there is a
bivariant theory F˜ of constructible functions and there is a Grothendieck transformation
γ : F˜→Hop
such that the associated map F(X) = F˜(X → pt) → Hop(X → pt) followed by the
evaluation map ev :Hop(X → pt) → H∗(X) is the Chern–Schwartz–MacPherson class
c∗ :F(X)→H∗(X).
In this paper, by introducing or analyzing several bivariant theories of constructible
functions step by step we lead ourselves to Theorem B and we generalize it to Theorem A.
The author would like to thank the referee for his/her valuable comments and
suggestions for an earlier version of the paper.
2. Preliminaries
Here we just recall some basic definitions from [5], which we need in the later sections
of the present paper.
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A bivariant theory B on a category C with values in an abelian category is an assignment
to each morphism
X
f−→Y
in the category C a graded abelian group
B
(
X
f−→Y )
which is equipped with the following three basic operations:
(Product operations): For morphisms f :X→ Y and g :Y → Z, the product operation
• :B(X f−→Y )⊗B(Y g−→Z)→ B(X gf−→Z)
is defined.
(Pushforward operations): For morphisms f :X→ Y and g :Y → Z with f proper, the
pushforward operation
f∗ :B
(
X
gf−→Z)→ B(Y g−→Z)
is defined.
(Pullback operations): For a fiber square
X′
g′
f ′
X
f
Y ′
g
Y
(2.1)
the pullback operation
g∗ :B
(
X
f−→Y )→ B(X′ g−→Y ′)
is defined.
And these three operations are required to satisfy the following seven axioms [5, Part I,
§2.2]:
(B-1) product is associative,
(B-2) pushforward is functorial,
(B-3) pullback is functorial,
(B-4) product and pushforward commute,
(B-5) product and pullback commute,
(B-6) pushforward and pullback commute, and
(B-7) projection formula.
B∗(X) := B(X→ pt) becomes a covariant functor and B∗(X) := B(X id−→X) becomes
a contravariant functor.
Let B,B′ be two bivariant theories on a categoryC. Then a Grothendieck transformation
from B to B′
γ :B→ B′
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is a collection of homomorphisms
B(X→ Y )→ B′(X→ Y )
for a morphism X → Y in the category C, which preserves the above three basic
operations.
Let T∗ be a covariant functor (or sometimes called a homology theory) on the category
C . Then the associated operational bivariant theory Top of T∗ is defined as follows. For
a morphism f :X → Y , an element c ∈ Top(X f−→Y ) is defined to be a collection of
homomorphisms
c(g) :T∗
(
Y ′
)→ T∗(X′)
for all g :Y ′ → Y and the fiber square (2.1) above. And these homomorphisms c(g) are
required to be compatible with proper pushforward, i.e., for a fiber diagram
X′′ h
′
f ′′
X′
f ′
g′
X′
f
Y ′′ h Y ′ g Y
the following diagram must commute:
T∗(Y ′′)
c(g◦h)
h∗
T∗(X′′)
h′∗
T∗(Y ′) c(g) T∗(X
′)
If C has a final object pt and T∗(pt) has a distinguished element 1, then the
homomorphism ev :Top(X→ pt)→ T∗(X) defined by ev(c) := (c(idpt))(1) is called the
evaluation homomorphism.
Let B be a bivariant theory. Then the associated operational bivariant theory Bop of
B is defined to be the operational bivariant theory constructed from the covariant functor
B∗(X)= B(X→ pt). Then we have the following canonical Grothendieck transformation
op :B→ Bop
defined by, for each α ∈ B(X→ Y ),
op(α) := {(g∗α)• :B∗(Y ′)→B∗(X′) | g :Y ′ → Y}.
3. Bivariant theories of constructible functions
Let F(X) denote the abelian group of all the constructible functions on X. The
association X −→ F(X) becomes a contravariant functor with the functional pullback
and also a covariant functor with the pushforward f∗ which takes the topological Euler–
Poincaré characteristic of the fibers weighted by constructible functions. Furthermore this
becomes a bivariant theory as follows:
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For any morphism f :X→ Y the group sF(X→ Y ) is defined by
sF
(
X
f−→Y ) := F(X),
and the three operations are defined as follows:
(i) The product operation
• :F(X f−→Y )⊗ F(Y g−→Z)→ F(X gf−→Z)
is defined by:
α • β := α · f ∗β.
(ii) The pushforward operation
f∗ :F
(
X
gf−→Z)→ F(Y g−→Z)
is the pushforward
f∗ :F(X)→ F(Y ).
(iii) For a fiber square
X′
g′
f ′
X
f
Y ′
g
Y
(3.0)
the pullback operation
g∗ :F
(
X
f−→Y )→ F(X′ g−→Y ′)
is the pullback
g′∗ :F(X)→ F (X′).
Then sF becomes a bivariant theory. The axioms (B-2) and (B-3) clearly hold and one can
prove that these three operations satisfy the other five axioms, using the following three
properties:
Property 3.1. For the fiber square (3.0) above the following diagram commutes:
F(Y ′) f
′∗
g∗
F(X′)
g′∗
F(Y )
f ∗
F(X)
Property 3.2. For a morphism f :X → Y and constructible functions α,β ∈ F(Y ) we
have
f ∗(α · β)= f ∗α · f ∗β,
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Property 3.3 (Projection formula). For a morphism f :X → Y and constructible
functions α ∈ F(Y ) and β ∈ F(X) we have
f∗
(
f ∗α · β)= α · f∗β.
Now using the bivariant theory sF we can show the following
Theorem 3.4. There does not exist a Grothendieck transformation
γ : sF→Hop
such that for each morphism X → pt the associated homomorphism followed by the
evaluation homomorphism
ev◦γ :F(X)= sF(X→ pt)→Hop(X→ pt)→H∗(X)
is the Chern–Schwartz–MacPherson class homomorphism c∗.
Proof. Suppose that there exists such a Grothendieck transformation γ : sF→Hop. Then
we have the following commutative diagrams:
sF(X
f−→Y )⊗ sF(Y → pt) •
γ⊗γ
sF(X→ pt)
γ
H
op(X
f−→Y )⊗Hop(Y → pt) •
id⊗ ev
H
op(X→ pt)
ev
H
op(X
f−→Y )⊗H∗(Y ) Θ H∗(X)
Here the homomorphism Θ is defined by, for δ ∈Hop(X f−→Y ) and y ∈H∗(Y ),
Θ(δ⊗ y)= δ(idY )(y).
Then, since ev◦γ = c∗, we have the following commutative diagram
sF(X
f−→Y )⊗F(Y )
γ⊗c∗
F(X)
c∗
H
op(X
f−→Y )⊗H∗(Y ) Θ H∗(X)
Hence, for any proper morphism f :X → Y , if we fix any constructible function α ∈
sF(X
f−→Y )= F(X), then we get the following commutative diagram
F(Y )
α·f ∗
c∗
F(X)
c∗
H∗(Y )
γ (α)(idY )
H∗(X)
(3.4.1)
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The commutativity of the above diagram (3.4.1) implies that the pushforward f∗α must be
locally constant; indeed, for any two points y, y ′ ∈ Y in the same connected component
(f∗α)(y) = χ(f−1(y);α) =
∫
c∗(α · f ∗(1y)) =
∫
(γ (α)(idY ))(c∗(y)) =
∫
(γ (α)(idY ))
(c∗(y))=
∫
c∗(α · f ∗(1y ′))= (f∗α)(y ′). Since this does not always hold for an arbitrary
constructible function α, we can conclude that there does not exist such a Grothendieck
transformation γ : sF→Hop. ✷
Remark 3.5. By the same argument we can see that there does not exist a Grothendieck
transformation
γ s : sF→H
such that γ s(1π)= c(TX) ∩ [X] for X smooth, where π :X→ pt and 1π = 1X . Or, this
is a direct consequence of the above theorem. Indeed, if there existed such a Grothendieck
transformation γ s : sF→H, it would imply that the composite op◦γ s : sF→H→Hop is
a Grothendieck transformation satisfying the condition in Theorem 3.4.
The above theorem tells us that the minimum requirement for constructible functions
α’s which make up a reasonable bivariant group F˜(X f−→Y ) for the existence of such
a Grothendieck transformation γ : F˜→ Hop is that the pushforward f∗α must be locally
constant on the variety Y . In [3] we introduced
F
l.c.(X f−→Y ) := {α ∈ F(X) | f∗α is a locally constant function on Y}
on which the same operations of product, pushforward and pullback as in the previous
bivariant theory sF can be considered, but the product operation • :Fl.c.(X f−→Y ) ⊗
F
l.c.(Y
g−→Z) → Fl.c.(X g◦f−→Z) is well-defined only when the middle variety Y is
topologically connected (see [3, Proposition 3.6]). So, when we consider topologically
connected analytic varieties, the bivariant group Fl.c.(X f−→Y ) simply consists of
constructible functions α ∈ F(X) whose pushforward f∗α is constant on the target variety
Y . The following theorem gives a negative solution to [3, Problem 3.7]:
Theorem 3.6. There does not exist a Grothendieck transformation
γ l.c. :Fl.c. →H
such that if X is smooth then γ l.c.(1π)= c(TX)∩ [X] with π :X→ p.
Proof. Suppose that there exists such a Grothendieck transformation and let E be a
smooth elliptic curve and let Y be a topologically connected analytic variety of dimension
 1. Let f :E → Y be a map such that f (E) = y0, a point. Then we can see that
F
l.c.(E
f−→Y ) contains all the constant functions on E (and certainly infinitely many non-
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constant functions also). In particular 1E ∈ Fl.c.(E f−→Y ). Then this implies the following
commutative diagram:
F(Y )
f ∗
c∗
F(E)
c∗
H∗(Y )
γ l.c.(1E)•
H∗(E)
Then consider the two constructible functions on Y ; 1y0 and 1y1 with y0 = y1. The above
commutative diagram implies that c∗(E)= 0, which is certainly absurd. Thus there is no
such a Grothendieck transformation γ l.c. :Fl.c. → H. The above example is a case when
the map is not surjective. However, there does exist a case when a map is surjective and we
still get a contradiction. Here is such an example: Let L1 be the diagonal of the Cartesian
product P1 × P1 of the 1-dimensional projective space P1. Choose a point z0 in P1, and
consider another line L2 : {(z, z0) | z ∈ P 1} ⊂ P1 × P1. Set L := L1 ∪ L2 ⊂ P1 × P1. Let
E be a smooth elliptic curve, so that its Euler characteristic χ(E)= 0. Let X := L× E.
And let f :X→ P1 be the composite of the inclusion X = L × E → P1 × P1 × E, the
projection to the first two factors P1 × P1 × E → P1 × P1 and the projection to the first
factor P1 × P1 → P1. For this map f :X→ P1, consider the constructible functions 1z0
and 1z1 with z0 = z1. Then we have that
f ∗1z0 = 1(z0,z0)×E, and f ∗1z1 = 1(z1,z1)×E + 1(z1,z0)×E.
Therefore we have that c∗(f ∗1z0)= c∗(E). On the other hand, we must have
c∗(E) = c∗
(
f ∗1z0
)= (γ l.c.(1X)•)(c∗(1z0)
)
= (γ l.c.(1X)•)(c∗(1z1)
)= c∗(f ∗1z1
)
= c∗
(
1(z1,z1)×E + 1(z1,z0)×E
)= 2c∗(E).
This is a contradiction. ✷
The condition of “being locally constant” of the pushforward f∗α comes from the
commutative diagram (3.4.1), so instead of “being locally constant” we can use this
commutative diagram itself, i.e., we consider the abelian group cF(X f−→Y ) consisting of
all the constructible functions α ∈ F(X) such that for a certain pullback homomorphism
θ(f ) :H∗(Y )→H∗(X) the following diagram is commutative:
F(Y )
α·f ∗
c∗
F(X)
c∗
H∗(Y )
θ(f )
H∗(X)
(3.1)
Then the operations of product and pushforward as in sF are well-defined on cF, however
it is not clear at all whether the pullback operation is well-defined; namely one cannot
show that for the fiber square (3.0) the above commutative diagram (3.1) automatically
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implies the following commutative diagram with a certain pullback homomorphism
θ(f ′) :H∗(Y ′)→H∗(X′).
F (Y ′) g
′∗α·f ′∗
c∗
F(X′)
c∗
H∗(Y ′)
θ(f ′)
H∗(X′)
(3.2)
Theorem 3.7. For a morphism f :X→ Y , the group
vF
(
X
f−→Y )
is defined to be the set of all constructible functions α ∈ F(X) satisfying that for any
morphism g :Y ′ → Y and the fiber square (3.0) the above diagram (3.2) commutes with a
certain homomorphism θ(f ′) :H∗(Y ′)→H∗(X′). Then
(i) vF is a bivariant theory with the same operations as in sF,
(ii) vF(X→ pt)= F(X), and
(iii) vF(X id−→X) is the set of all locally constant functions on X.
Proof. The proof of (i) is straightforward and so omitted; it can be proved using
Properties 3.1, 3.2 and 3.3.
(ii): Consider the following obvious fiber square
X× Y pr1
pr2
X
Y pt
Here we observe that for a constructible function β ∈ F(Y )
pr1∗α · pr2∗β = α × β,
i.e., (α × β)(x, y) = α(x)β(y). By Kwiecin´ski’s cross product formula for the Chern–
Schwartz–MacPherson class [6] (cf. [8] and also, see Remark 3.13 below), for any
constructible functions α ∈ F(X) and β ∈ F(Y ) we have
c∗(α × β)= c∗(α)× c∗(β)
where × on the right-hand-side is the homology cross product. Therefore for any
constructible function α ∈ F(X) we get the following commutative diagram
F(Y )
pr1∗α·pr2∗=α×
c∗
F(X× Y )
c∗
H∗(Y )
c∗(α)×
H∗(X× Y )
Therefore we get that vF(X→ pt)= F(X).
(iii): It is clear that {locally constant functions on X} ⊂ vF(X idX−→X). To prove the
reverse inclusion, consider a constructible function α which is not locally constant on X,
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i.e., there exists a connected componentC ⊂X such that α(x1) = α(x2) for x1, x2 ∈C with
x1 = x2. We want to show that α /∈ vF(X idX−→X). Indeed, suppose that α ∈ vF(X idX−→X),
i.e., we must have the following commutative diagram:
F(X)
α·
c∗
F(X)
c∗
H∗(Y )
θ(idX)
H∗(X)
Consider 1x1 and 1x2 . Then we have
α(x1)= c∗(α · 1x1) = θ(idX)c∗(1x1)= θ(idX)
([x1])
= θ(idX)
([x2])= θ(idX)c∗(1x2)
= c∗(α · 1x2)= α(x2).
This is a contradiction. Thus we have
vF
(
X
idX−→X)= {locally constant functions on X}. ✷
Now, for morphisms f :X → Y , g :Y ′ → Y and a bivariant constructible function
α ∈ vF(X f−→Y ), consider the following cube diagram:
F(X′)
c∗
g′∗
F(Y ′)
c∗
g′∗α·f ′∗
g∗
F(X)
c∗
F(Y )
α·f ∗
H∗(X′)
g′∗
H∗(Y ′)
θ(f ′)
g∗
c∗
H∗(X) H∗(Y )θ(f )
All squares other than the bottom square in the above cube are commutative and it easily
follows from diagram-chasing that the bottom square is commutative at least on the image
of c∗ :F(Y ′)→H∗(Y ′).
Theorem 3.8. For a morphism f :X → Y the group gF(X f−→Y ) is defined to be the
set of all constructible functions on X satisfying the condition that for any morphism
g :Y ′ → Y and the fiber square (3.0) the above cube diagram commutes with certain
homomorphisms θ(f ) :H∗(Y )→H∗(X) and θ(f ′) :H∗(Y ′)→H∗(X′), i.e., g′∗ ◦ θ(f ′)=
θ(f ) ◦ g∗. Then gF is a bivariant theory with the same operations as in sF, gF(X→ p)=
F(X) and gF(X id−→X) is the set of all locally constant functions on X.
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To guarantee the possible existence of a Grothendieck transformation to the bivariant
homology theory, we still need a much stronger condition and we have the following
theorem:
Theorem 3.9. (i) For a morphism f :X → Y , let F˜(X f−→Y ) be the abelian group
consisting of all the constructible functions on X satisfying the following condition: for
any double fiber square
X′′
f ′′
h′
Y ′′
h
X′
f ′
g′
Y ′
g
X
f
Y
(3.9.1)
the following cubic diagram is commutative:
F(X′′)
c∗
h′∗
F(Y ′′)
c∗
(g′h′)∗α·f ′′∗
h∗
F(X′)
c∗
F(Y ′)g
′∗α·f ′∗
H∗(X′′)
h′∗
H∗(Y ′′)
θ(f ′′)
h∗
c∗
H∗(X′) H∗(Y ′)
θ(f ′)
with certain homomorphisms θ(f ′) :H∗(Y ′)→ H∗(X′) and θ(f ′′) :H∗(Y ′′)→ H∗(X′′).
Then F˜ is a bivariant theory with the same operations as in sF, F˜(X→ p) = F(X) and
F˜(X
id−→X) is the set of all locally constant functions on X.
(ii) There exists a “tautological” Grothendieck transformation
γ taut : F˜→Hop
such that the composite
ev◦γ taut :F(X)= F˜(X→ p)→Hop(X→ p)→H∗(X)
is the Chern–Schwartz–MacPherson class homomorphism c∗.
As to (ii), note that the “tautological” Grothendieck transformation may not be unique,
in other words there would be various different systems {θ(f ′) :H∗(Y ′)→H∗(X′)} for the
same α ∈ F˜(X f−→Y ).
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As a corollary of the proof of our previous theorems we can see the following theorem,
which is a modified version of [5, §8.2, pp. 90–91]:
Theorem 3.10. Let B∗, T∗ be covariant functors on a category C and B be a bivariant
theory for the covariant functor B∗. Furthermore we assume that B(X→ p)= B∗(X) for
each object X in the category C , that there are homomorphisms φ :B∗(X)→ T∗(X) for
each object X in the category C , and that the cross product operation × is defined on
both covariant theories B∗ and T∗ such that the homomorphism φ :B∗ → T∗ preserves
the cross product operation. Let B˜(X f−→Y ) be the subgroup of B(X f−→Y ) consisting of
all the bivariant elements α ∈ B(X f−→Y ) satisfying the following condition: for the fiber
diagram (3.9.1) the following cubic diagram is commutative:
B∗(X′′)
φ(X′′)
h′∗
B∗(Y ′′)
φ(Y ′′)
((gh)∗α)•
h∗
B∗(X′)
φ(X′)
B∗(Y ′)
(g∗α)•
T∗(X′′)
h′∗
T∗(Y ′′)
θ(f ′′)
h∗
φ(Y ′)
T∗(X′) T∗(Y ′)
θ(f ′)
with certain homomorphisms θ(f ′) :T∗(Y ′)→ T∗(X′), θ(f ′′) :T∗(Y ′′)→ T∗(X′′). Then B˜
is a bivariant theory with the same operations of B and B˜(X→ p)= B(X→ p)= B∗(X)
and there exists a “tautological” Grothendieck transformation
γ taut : B˜→ Top
such that the composite
ev◦γ taut :B∗(X)= B˜(X→ p)→ Top(X→ p)→ T∗(X)
is the given homomorphism φ(X) :B∗(X)→ T∗(X).
Remark 3.11. If we assume in Theorem 3.10 that the homomorphism φ(X) :B∗(X)
T∗(X) is always surjective for any object X, then the above tautological Grothendieck
transformation γ taut : B˜→ Top is unique. For example, if we take the algebraic homology
theory AH∗ instead of the usual homology theory H∗ in Theorem 3.9 and we denote the
operational bivariant homology theory constructed from the algebraic homology theory
AH∗ by AHop, then the tautological Grothendieck transformation γ taut : F˜→ AHop is
unique. This is due to the fact that the Chern–Schwartz–MacPherson class homomorphism
c∗ :F(X)→ H∗(X) factors through the cycle map c' :A(X)→ H∗(X) (see [4, Example
19.1.7]) and the fact that the c∗ :F(X) → A(X) is surjective; therefore c∗ :F(X) 
AH∗(X) is always surjective since AH∗(X) is the image of the cycle map c' :A(X)→
H∗(X).
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Remark 3.12. Fulton–MacPherson’s bivariant group F(X f−→Y ) consists of all the
constructible functions α ∈ F(X) satisfying the so-called local Euler condition with
respect to the morphism f :X→ Y (see [1,5,10,14]). In [5, §10.4] Fulton and MacPherson
conjectured (or posed as a question) the existence of a Grothendieck transformation
γ :F→H satisfying the normalization condition that
γ (1π)= c(TX)∩ [X]
for X smooth, where π :X → pt and 1π = 1X . Thus conjecturally we get that for a
morphism f :X→ Y we have
F
(
X
f−→Y )⊂ F˜(X f−→Y ).
Since in [1] Brasselet proved the existence of such a Grothendieck transformation
γ Br :F→ H when the morphisms are cellular, the above inclusion holds for any cellular
morphism. An interesting question is to see whether F(X f−→Y )= F˜(X f−→Y ) or not.
Remark 3.13. For morphisms f1 :X1 → Y1 and f2 :X2 → Y2, the bivariant theoretic cross
product ×
× :B(X1 f1−→Y1)⊗B(X1 f1−→Y1)→ B(X1 ×X2 f1×f2−→ Y1 × Y2)
is defined by
α × β := p∗1α • p∗2β,
where
p1 :Y1 ×X2 → Y1 and p2 :Y1 × Y2 → Y2
are the projections (see [5, §2.4]). Thus, any Grothendieck transformation γ :B→ B′
between two bivariant theories B,B′ preserves the cross product, i.e.,
γ (α × β)= γ (α)× γ (β).
Therefore for bivariant constructible functions α,β
γ Br(α × β)= γ Br(α)× γ Br(β),
which implies, in particular, that for any compact complex analytic varieties X,Y and any
constructible functions α ∈ F(X) and β ∈ F(Y ) we have
c∗(α × β)= c∗(α)× c∗(β),
since γ Br :F(X→ pt)→H(X→ pt) is the Chern–Schwartz–MacPherson class
c∗ :F(X)→H∗(X).
Thus Kwiecin´ski’s cross product formula [6] of the Chern–Schwartz–MacPherson class is
a corollary of the Brasselet theorem. However, his proof is fundamental and instructive,
using resolution of singularities and it led him and the present author to show, in [8], the
cross product formula of the “twisted” Chern–Schwartz–MacPherson class defined in [13].
So in this viewpoint it would be an interesting problem to see if one could construct a
bivariant version of the “twisted” Chern–Schwartz–MacPherson class.
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